value of p we obtain for the threshold currents for case (a) i If we assume Dp constant with respect to temperature, both formulas yield the same temperature dependence for the current, namely i", T!. 7 The value of 3 p. for w is somewhat arbitrary; we have picked w as the distance in which a typical zinc-diffused junction would exhibit a variation in doping by a factor of 3. See F. A. Cunnell and G. H. Gooch, S. E. R. L. Tech. J. 10, No.2, p. 83 (January 19(0) .
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At liquid nitrogen temperatures the thresholds would be reduced by a factor of 8 below the values at room temperature into the range of 3-5 thousand AI cm 2 • Such thresholds have been observed by most of the workers in this field. 8 Note added in prooj. A referee of this paper suggested that a strict application of the condition of Bernard and Duraffourg may lead to a less arbitrary assumption than jp=O.l. For band to band transitions, the condition of Bernard and Duraffourg yields jp=0. 15, jn=0.85 , and the calculated threshold currents are increased about 60% while the temperature dependence remains the same. For transitions involving an impurity level 0.04 eV from the band edge, the threshold current below room temperature varies faster than Ti, and the calculated threshold currents are decreased. INTRODUCTION 
I
F two electrodes are separated by a thin insulating film, and the film is sufficiently thin, current can flow between the two electrodes by means of the tunnel effect.1 Sommerfeld and Bethe 2 were the first to make a theoretical study of this phenomena for very low voltages and for high voltages; later, Holm 3 extended the theory to include intermediate voltages. The two studies were thus concerned with different voltage ranges, and the pertinent theory was derived separately and independently, using the WBK approximation as the starting point in each case.
Sommerfeld and Bethe first derived equations for the 1 J. C. Fisher and I. Giaever, J. AppJ. Phys. 32, 172 (1961 The purpose of this paper is to derive a single theory for the current flow through a generalized barrier. The theory is applied to the problem of the rectangular barrier, as studied by Sommerfeld and Bethe,2 and by Holm. 3 The generalized theory permits derivation of more accurate expressions for the high and low voltages, as well a~ resolution of the anomalies associated with the formulae derived by Holm for intermediate voltages.
Finally, a method is described for the application of the theory to a practical barrier-that is, to a rectangular barrier with the image potential included. The hyperbolic form of the image potential is used in the generalized formula, thus eliminating the need to resort to a parabolic approximation. The result is a more accurate theoretical current-voltage relationship for a tunnel junction. ",=work function of metal electrode, q:>o= height of rectangular barrier, ;p= mean barrier height, e=permittivity of insulating film, K = dielectric constant, and u= tunnel resistivity (Q-cm2).
THE TUNNEL EQUATION
When two metallic electrodes are separated by an insulating film, the equilibrium conditions require that the top of the energy gap of the insulator be positioned above the Fermi level of the electrodes. Thus, the action of the insulating film is to introduce a potential barrier between the electrodes which impedes the flow of electrons between the electrodes.
The electronic current can flow through the insulating region between the two electrodes if: (a) The electrons in the electrodes have enough thermal energy to surmount the potential barrier and flow in the conduction band. (b) The barrier is thin enough to permit its penetration by the electric tunnel effect.
Sommerfeld and Bethe, and Holm conducted analyses of these conditions for low temperatures so that thermal current could be neglected, thus restricting the electron transport between electrodes to the tunnel effect; a similar procedure is followed in this paper.
The probability D(E,,) that an electron can penetrate a potential barrier of height V (x)-the barrier is assumed to be in the x direction, as shown in Fig. 1-is given by the well-known WBK approximation 5 :
where E,,=mv:r?/2, and is the energy component of the incident electron in the x direction. The number N 1 of electrons tunneling through the barrier from electrode 1 to electrode 2 is given by (2) where Em is the maximum energy of the electrons in the electrode, and n(vz)dv", is the number of electrons per unit volume with velocity between v., and v.,+dv z • For an isotropic velocity distribution, which is assumed to exist here inside the electrodes, the number of electrons per unit volume with velocity between the usual infinitesimallimits is given by
where feE) is the Fermi-Dirac distribution function. Consequently, from Eq. (3), The number N 2 of electrons tunneling from electrode 2 to electrode 1 is determined in a similar manner. The tunnel probability D (E,,) is the same in either direction, and if electrode 2 is at a positive potential V, with respect to electrode 1, the Fermi-Dirac function is written as f(E+eV); therefore, (6) The net flow of electrons N ( = N 1-N 2) through the barrier is
Current-Voltage Relationship for a Generalized Barrier (7) (8)
Integrating Eq. (9), using Eq. (AS) from the Appendix, yields Hence,
Substituting Eqs. (10) and (11) in Eq. (8) gives
To facilitate integration, Eq. (12) is written in the form
The first of the integrals in Eq. (13) yields
The second term in the braces is negligible compared to the first term and, usually, A (cp+eV)t»1; thus Eq. (14) reduces to
The second integral in Eq. (13) that lead to Eq. (15), the second term integrates to
The third integral of Eq. (13) has the form
where z2=1J+~-E".
The third and fourth terms in parentheses in Eq. (17) are negligible by comparison with the first two; therefore, the third integral in Eq. (13) integrates to
Summing Eqs. (15), (16), and (18) yields
flowing from electrode 2 to electrode 1, resulting in a net current density I, given by Eq. (20). (See Fig. 2 .)
When V is zero, a state of dynamic equilibrium can be considered to exist-that is, a current density of magnitude I o~ exp( -A ~t) flowing in either direction.
Low-Voltage Range
Although Eq. (20) can be used for very low voltages, a more convenient form can be deduced for this range.
From Eq. (20),
It is observed that, since eV"-'O, {3 [as defined in Eq.
(A6)] takes the value unity. Since ~»eV, Eq. (21) can be written
Expanding exp( -AeV /2~t), and neglecting terms containing V2 and higher orders, Eq. (22) becomes
Equation (19) 
Io=e/21th{ftAs)2.
Equation (20) has the advantage that it can be applied to any shape of potential barrier providing the mean barrier height is known, or, alternatively, if the current-voltage characteristic of a tunnel junction is known, the mean barrier height can be determined.
Equation (20) can be interpreted as a current density I o~ exp( -A ~t) flowing from electrode 1 to electrode 2 and a current density
Since eV is very small,.~ is considered to be the zerovoltage mean barrier height. Thus, in this case, Eq. (24) expresses J as a linear function of V; that is, the junction is Ohmic for very low voltages.
APPLICATION OF THE TUNNEL EQUATIONS
Consider a rectangular potential barrier [ Fig. 3(a) ]. This was the type of barrier studied by Sommerfeld and Fig. 3(a) ,
.1s=s, and ip= <Po·
Substituting these values in Eq. (24) gives
This result is in agreement with the Sommerfeld-Bethe result for low voltages.
Intermediate-Voltage Range: V < tpo/e
From Fig. 3 (b) ,
.1s=s, and ip= (<p-eV /2).
Substituting these values in Eq. (20),
It is now necessary to discuss the error associated with Eq. (26). It can be shown, using Eq. (A6), that .B is given by
If this value of .B is substituted in Eq. (26), the maximum error in the exponents in using the approximate integral Eq. (AS) is approximately 1% and occurs when V = <pol e and E,,= 'I). For values of e V < <pol e, the error reduces rapidly. If .B is chosen to be unity, the error in the value of the exponents is approximately 6% at V = cpo/e. However, since the error reduces rapidly for values of V < <pI e, the error is only 1% at V=0.75cpo/e, and,8 can, therefore, be chosen to be unity to a reasonable approximation.
With ,8= 1, Eq. (26) Substituting these values in Eq. (20) yields
where F= V / s= the field strength in the insulator. [87r
This equation is similar to the Sommerfeld-Bethe 2 relationship for high voltages, except for the mUltiplicative factor 2.2; there is also a slight difference in the numerator, where 3 is replaced by 2.96. These differences arise because of the variation of ~s below the Fermi level. 6 Because of the dominant influence of the exponential term, and since J, in Eq. (30), is a rapidly varying function of s, cp, and V, this difference is considered to be insignificant.
THE IMAGE FORCE
The effect of the image force is to reduce the area of the potential barrier by rounding off the corners and reducing the thickness of the barrier (Fig. 4) and, hence, increasing the flow of current between the electrodes. The image potential is a hyperbolic function which, when substituted in Eq. (9), results in an elliptic integral which can be solved only numerically. Sommerfeld and Bethe, and Holm solved the problem analytically by approximating the barrier by a symmetric parabola. This type of approximation is good only for the low-voltage range and high barriers, and is restricted in range of validity. This can be seen by reference to Fig. 5 (a) (which illustrates the energy diagram with the electrodes at the same potentialthat is, the Fermi levels coincide). When a voltage V is applied to the electrodes, the parabola is moved vertically down the energy diagram (that is, in the direction of negative energy) by an amount eV /2. The best correlation between the symmetric parabola and the true image force occurs at very low voltages, and is, at best, only fair, even where the parabola parameters are optimized to particular values of s and cpo. The correla- tion deteriorates for barriers having s and cpo different from those for which the parabola constants are optimized. For high voltages, the fit is very poor. [See Fig.S(b) .]
The true image force problem can be solved using Eqs. (20) and (24); however, the resulting expression, which is an infinite series, is awkward to handle. To facilitate computation, the true expression can be approximated accurately by a simple hyperbolic function [ Fig. 4(a) ] which can also be readily solved by Eqs. (20) and (24). In contrast to the symmetric parabolic approximation, a very close fit is obtained to the actual barrier for all s, cpo, and V [See Fig. 4(b) .]
The Image Potential
The image potential is readily determined using image force methods,7 and is given by
where x is the distance of the electron from electrode 1.
Vi= --L --= --ln2.
(32) 21rES n=l n 21rES
Equation (31) as it exists is extremely awkward to handle; a good approximation-see Fig Integrating Eq. (35) yields:
Intermediate Voltages
For intermediate voltages (defined here as 0 < V < cpo/e), the tunnel current density is obtained by
J=Jot'Pr exp(-
where Sl and S2 are given by Eq. (37).
It is necessary to comment here on the value of f3 appearing in A. It can be shown, using Eq. (A6), that f3>0.96 for all values of V. Thus, it is assumed that f3 takes the value unity for all V, to a good approximation. In this case, A is given by A = (47r~s/h)(2m)i.
High Voltages
The high-voltage range is defined as V> 'Po/e. The current density equation is identical to Eq. (40) 
iP= 'PO-[1.15AS/(S2-S1)] In x [S2(S-Sl)/Sl(S-S2)]= 'PL, (41)
where Sl and S2 are given by Eq. (37), with V set equal to zero. Alternatively, because, in this case, the barrier 
Comparison between Eqs. (42) and (40) (ii) All Vi Eq. (40) :
where rpr= rpO-(V /2s) (S1+S2)
.. Tunnel resistivity u( = V / J), as a function of voltage, is illustrated in Fig. 6 and 7, using Eqs. (45) through (SO). The curves shown in Fig. 6 are for a rectangular barrier without image forces. Figure 7 (wherein a dielectric constant of 6 has been assumed) depicts curves for a practical barrier-that is, a rectangular barrier with image forces included. It can be observed that, for a given s, <p, and V, the tunnel resistivity is lower for thepractical barrier than for the ideal barrier, Figure 8 illustrates the low-voltage (Ohmic) resistance as a function of thickness and barrier height, using Eq. (42). The broken lines indicate the results of Holm and Kirschstein 4 for the low-voltage resistance in which the image force has been approximated by a symmetric parabola. The correlation between the two sets of curves is poor for small cp but good for high cpo This is because the image force has a greater influence on small barriers, and, hence, in this range, the approximate nature of the image force solution of Holm and Kirschstein 4 becomes apparent. If the voltage applied to the junction is great enough, the barrier is depressed below the Fermi level of the negatively biased electrode [ Fig. 7 (a) ], and the current flows unimpeded in the conduction band of the insulator. The voltage at which this occurs is greater the larger the values of s, CPo, and K. (See Fig. 4.) 
Effect of Dielectric Constant
The tunnel characteristics are dependent upon the dielectric constant of the insulating film; the smaller 9 R. Holm and W. Meissner, Z. Physik 74, 715 (1932) the value of K, the lower is the tunnel resistivity. Figure 9 illustrates the profound effect of the dielectric constant upon the low-voltage tunnel resistance. Since the dielectric constant of most materials is a function of temperature,ll it follows that the tunnel characteristics are an intrinsic function of the thermal properties of the insulator, as well as of the electrodes. This fact appears to have been n.eglected in the literature.
SUMMARY
A generalized expression has been derived for the electric tunnel effect through an arbitrary barrier in a thin insulating film. The formula is applied to a rectangular barrier and the resulting expression compared with existing theories. The anomalies associated with Holm's expression for the intermediate voltage range are resolved and shown to arise from an extraneous term.
The formula is readily applied to the true image force problem for all voltage ranges. The resulting expressions are compared with the low-voltage characteristic derived by Holm and Kirschstein, who used the symmetric parabola approximation. It is shown that the approximation is good for high barriers, but poor for low barriers. Holm's suggestion for correcting the intermediate-voltage J-V expression for a rectangular barrier to include the image forces is shown to be questionable. The effect of the dielectric constant of the insulating film is discussed in detail, and is shown to have a profound effect on the J-V characteristic. The results suggest that if the dielectric constant is temperaturedependent, the J-V characteristic is also temperaturedependent.
